Abstract. In this paper, we discuss the existence results for a class of nonlinear integrodifferential evolution inclusions with nonlocal initial conditions in Banach spaces. Our results are based on a fixed point theorem for condensing maps due to Martelli and the resolvent operators combined with approximation techniques.
INTRODUCTION
This paper is concerned mainly with the existence of mild solutions for first-order nonlinear evolution integrodifferential inclusions with nonlocal initial condition
x (t) ∈ A(t) x(t) +
t 0
H(t, s)x(s)ds +
+ F t, x(σ 1 (t)), . . . , x(σ n (t)), 
· | and A(t) is a closed linear operator on X with dense domain D(A), which is independent of t. H(t, s), t, s ∈ J, is a bounded operator in X. F : J × X
n+1 → P(X) is a multivalued map, P(X) is the family of all subsets of X. h : Δ × X → X, Δ = {(t, s) : 0 ≤ s ≤ t ≤ b}, g : C(J, X) → X, σ i : J → J, i = 1, . . . , n + 1, are given functions to be specified later.
The nonlocal Cauchy problem was studied by Byszewski [8, 9] , and subsequently, as it can be applied in physics with better than the classical initial condition, it has been studied extensively under various conditions on A(A(t)), F and g; see [1, 10, 12, 25, 26] and references therein. Recently, the existence of solutions for some classes of abstract integrodifferential equations and integrodifferential inclusions with nonlocal conditions have been investigated by many authors. For example, Balachandran et al. [2] have studied the nonlinear time varying delay integrodifferential equations of Sobolev type with nonlocal conditions. Liang and Xiao [21] have established some new theorems about the existence and uniqueness of solutions for the semilinear integrodifferential equations with nonlocal initial conditions. Lin and Liu [22] have discussed the nonlocal Cauchy problem for semilinear integrodifferential equations by using resolvent operators. Liu [23] have obtained the representation of weak solutions of Cauchy problem for integrodifferential evolution equations in abstract spaces. Kumar [18] has proved the existence of solutions for nonlocal neutral integrodifferential equations in Banach spaces by using the theory of analytic resolvent operators. Yan [29, 30] have established a sufficient condition for the existence of mild solutions of nonlinear functional integrodifferential equations with nonlocal conditions in Banach spaces. Benchohra and Ntouyas [5] have studied nonlocal Cauchy problems for neutral functional differential and integrodifferential inclusions in Banach spaces.
However, most of the previous research on nonlocal Cauchy problems was based on the contraction mapping principle. This condition turns out to be quite restrictive. The purpose of this paper is to prove the existence of mild solutions for nonlinear integrodifferential inclusions (1.1) by relying on a fixed-point theorem for condensing maps due to Martelli [24] . Our main condition is only concerned with the continuous and Carathéodory conditions. Indeed, we only require that F satisfies the Carathéodory condition. Moreover, we also have consider the case in which g is continuous but without imposing severe compactness conditions and convexity.
The rest of this paper is organized as follows. In Section 2, we will recall briefly some preliminary facts which will be used in paper. Section 3 is devoted to the existence of mild solutions of the problem (1.1). In Section 4, we present an example illustrating the abstract theory of the previous sections. Finally in Section 5, we apply the preceding technique to a controlled problem.
PRELIMINARIES
In this section, we introduce some basic definitions, notations and lemmas which are used throughout this paper.
Let C(J, X) denote the Banach space of continuous functions from J into X with the norm x ∞ = sup{|x(t)| : t ∈ J} and let B(X) denote the Banach space of bounded linear operators from X into itself.
A measurable function x : J → X is Bochner integrable if and only if |x| is Lebesgue integrable (for properties of the Bochner integral see Yosida [31] ). L 1 (J, X) denotes the linear space of equivalence classes of all measurable functions x : J → X, which are normed by
The multivalued operator G is called compact if G(X) is a compact subset of X. G is said to be completely continuous if G(D) is relatively compact for every bounded subset D of X. If the multi-valued map G is completely continuous with nonempty compact values, then G is u.s.c. if and only if G has a closed graph, i.e.,
In what follows BCC(X) denotes the set of all nonempty bounded, closed and convex subsets of X.
A multivalued map G : J → BCC(X) is said to be measurable if, for each x ∈ X, the function k : J → R, defined by
belongs to L 1 (J, R). An upper semicontinuous map G : X → P(X) is said to be condensing if, for any subset B ⊆ X with α(B) = 0, we have α(G(B)) < α(B), where α denotes the Kuratowski measure of noncompactness [4] .
G has a fixed point if there is x ∈ X such that x ∈ G(x). For more details on multivalued maps see the books of Deimling [11] , and Hu and Papageorgiou [14] . 
The main tool in our approach is the following fixed-point theorem due to Martelli.
Lemma 2.2 (Martelli [24]). Let X be a Banach space and let G : X → BCC(X) be a condensing map. If the set
is bounded, then G has a fixed point.
Remark 2.3. We remark that a completely continuous multivalued map is the easiest example of a condensing map.
EXISTENCE OF MILD SOLUTIONS
In this section we give our main existence result for the problem (1.1). Now, we can define the mild solution of the problem (1.1).
Definition 3.1. A continuous function x(t) satisfying the following integral inclusion:
is called a mild solution of the problem (1.1) on J.
Further we assume the following hypotheses: 
(ii) The following inequality holds:
3)
Lemma 3.2 ([20]). Let J be a compact real interval and let X be a Banach space.
Let F be a multivalued map satisfying (H3) and let Γ be a linear continuous operator from 
Proof. We transform the problem (1.1) into a fixed point problem. Consider the multi-valued map P : C(J, X) → P(X) defined by
has a fixed point. This fixed point is then a mild solution of the problem (1.1).
Let {δ n : n ∈ N} be a decreasing sequence in (0, b) such that lim n→∞ δ n = 0. To prove the above problem, we consider the following inclusion:
has at least one mild solution x n ∈ C(J, X).
For fixed n ∈ N, set P n : C(J, X) → P(X) defined by
It is easy to see that the fixed point of P n is the mild solution of the nonlocal Cauchy problem (3.5). We now show that P n satisfies all conditions of Lemma 2.2. The proof will be given in several steps.
Step
Since S F,x is convex (because F has convex values) we have
Step 2. P n (x) maps bounded sets into bounded sets in C(J, X).
In fact, we need only to show that there exists a positive constant d such that, for
, then there exists f ∈ S F,x such that, for each t ∈ J, we have
However, on the other hand, from condition (H8), we conclude that there exist positive constants and γ such that, for all φ ∞ > γ,
It is from (H2), (H4)-(H6), (3.8) and (3.9) that for each t ∈ [0, b] we have
Step 3. P n sends bounded sets into equicontinuous sets of C(J, X). Let 0 < t 1 < t 2 ≤ b, B q be a bounded set as in Step 2. For each x ∈ B q and ρ n ∈ P n (x), then there exists f ∈ S F,x such that for each t ∈ J, we have
(3.10)
In the view of (3.10) and (H1)-(H5), we have
|R(t 2 , s) − R(t 1 , s)|e −βs p(s)ds+
The right-hand side of the above inequality tends to zero independently of x ∈ B q as (t 2 − t 1 ) → 0, since the compactness of R(t, s) for t, s > 0, implies the continuity in the uniform operator topology. Thus P n sends B q into an equicontinuous family of functions. As a consequence of Step 2, Step 3, together with the Ascoli-Arzela theorem, we conclude that P n : C(J, X) → P(X) is completely continuous and therefore is a condensing map.
Step 4. P n has a closed graph.
Let
We must prove that there exists f * ∈ S F,x * such that, for each t ∈ J,
Clearly, we have that
Consider the linear continuous operator Φ :
We can see that the operator Φ is linear and continuous. Indeed, one has
We can see that the operator Φ is linear and continuous. From (H3) and Lemma 3.2, it follows that Φ • S F is a closed graph operator. Also, from the definition of Φ, we have that
Step 5. The set Ω = {x ∈ C(J, X) : λ ∈ (0, 1), x = λP n (x)} is bounded.
Indeed, let λ ∈ (0, 1) and let x ∈ C(J, X) be a possible solution of x = λP n (x) for some 0 < λ < 1. Then for any x ∈ Ω, we have
for some f ∈ S F,x . It follows from (H1)-(H6) and (3.11) that for each t ∈ [0, b] we have
We consider the function η defined by
By the previous inequality and (3.8), we have for
Denote the right-hand side of the above inequality by w(t). Then we have
and
w(t) ≤ ξ(t), and
, and we have
where m * (t) = max{ As a consequence of Lemma 2.2, we deduce that P n has at least fixed point x n in C(J, X), which is in turn a mild solution of (3.5). Then we have
for t ∈ [0, b], and some f n ∈ S F,xn . Next we will show that the set {x n : n ∈ N} is relatively compact in C(J, X).
Step 6. {x n : n ∈ N} is equicontinuous on J.
For ε > 0, x n ∈ B q , there exists a constant η > 0 such that for all t ∈ (0, b] and ξ ∈ (0, η) with t + ξ ≤ b we have
|R(t + ξ, s) − R(t, s)|e −βs p(s)ds.
Using the compactness of R(t, s) for t, s > 0, we get that 
14)
Thus by (3.13)-(3.15) one has
Therefore, {x n (t) : n ∈ N} is equicontinuous for t ∈ (0, b]. Clearly, {x n (0) : n ∈ N} is equicontinuous.
Step 7. {x n (t) : n ∈ N} is relatively compact in X. Let W (t) = {x n (t) : x n ∈ P n (B q )}. We note that W (0) is relatively compact in X. Let 0 < t ≤ s ≤ b be fixed and ε a real number satisfying 0 < ε < t, for x ∈ B q , we define
R(t, s)f (s)ds
for some f ∈ S F,x . Using the compactness of R(t, s) for t, s > 0, we obtain that the set W ε (t) = {x ε n (t) : x ε n ∈ P n (B q )} is pre-compact in X for every ε, 0 < ε < t. Moreover, for every x ∈ B q we have
Therefore, there are relatively compact sets arbitrarily close to the set W (t) = {x n (t) : x n ∈ P n (B q )}, and W (t) is a relatively compact in X. Setx
Using condition (H7), we obtain
On the other hand, in Steps 6 and 7, applying the Arzela-Ascoli's theorem again one obtains the relatively compact of {x n : n ∈ N} in C((0, b], X). Therefore there exists a subsequence of {x n : n ∈ N} denoted again by {x n : n ∈ N} and a function x ∈ C((0, b], X) such that
Therefore, by the continuity of R(t, s) and g, we get
Thus the sequence {x n (0) : n ∈ N} is relatively compact. These facts imply that {x n : n ∈ N} in C(J, X) is relatively compact. Therefore, without loss of generality, we may suppose that
Obviously, x * ∈ C(J, X), taking the limit in (3.12) of both sides, we obtain 16) for t ∈ J, and some f * ∈ S F,x * , which implies that x * is the mild solution of the problem (1.1) and the proof of Theorem 3.3 is complete.
EXAMPLE
Consider the following first-order partial functional integrodifferential inclusions of the form:
where a 0 (t, x) are continuous and satisfy certain smoothness conditions, 0 < t 1 < t 2 < . . . < t p ≤ 1 and c i are constants,
and the operators A(t) be defined by
with the domain D(A) = {w ∈ X : w, w are absolutely continuous, w ∈ X, w(0) = w(π) = 0}, then A(t) generates an evolution system and R(t, s) can be deduced from the evolution systems [15, 16, 27] 
such that R(t, s) is compact and R(t, s) ≤ Me β(t−s)
for some constants M and β. Define, respectively,
Moreover, we have (1 + t 2 )(1 + s) 2 ds,
It is easy to see that with these choices, the assumptions (H2)-(H8) of Theorem 3.3 are satisfied. Let σ(t) = sin t, and hence by Theorem 3.3, we deduce that the nonlocal Cauchy problem (4.1) has a mild solution on [0, 1].
APPLICATION
This section is devoted to an application of the argument used in previous sections to the controllability of a nonlinear evolution integrodifferential system with nonlocal initial condition in a Banach space X. More precisely, we consider the following problem:
where A(t), F and g are as in Section 3. Also, the control function u belongs to the spaces L 2 (J, U ), a Banach spaces of admissible control functions with U , a Banach space. Further, B is a bounded linear operator from U to X. Recently, the problems of the controllability of differential systems and integrodifferential systems in Banach spaces were considered by many researchers, see for instance [3, 6, 13] and the references therein. In the case of the nonlocal condition, the semilinear evolution inclusions has been studied by Benchohra et al. [7] , Guo et al. [17] , Li and Xue [19] . has a fixed point, and then x(·) is a mild solution of systems (5.1). Indeed, it is easy to verify that
which means that the system is controllable. The remaining part of the proof is similar to Theorem 3.3, the operator P has a fixed point which is a mild solution of the problem (5.1). Hence, the system (5.1) is controllable on the interval J.
